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Sampling anisotropy

louis.carillo@enpc.fr

Sampling is ubiquitous in science nowadays
Today challenge: anisotropy in the target
distribution

Take a Bolzmann distribution

1 —Vi(x
,U«B(X):?e e

with Z the normalization constant
and V an anisotropic potential

Exemple V(x) = xT Ax with

Amax(A) > Amin(A)
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Sampling anisotropy: Overdamped Langevin dynamics

Take N particles following

dX; = —VV(X)dt + V2 dW;

Studied for decades [1]

The invariant measure is u%N

Problem:
convergence rate is constrained by Api(A)
time step is constrained by Amax(A)

[1] Lelievre, Stoltz Acta Numerica (2026)
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Sampling anisotropy: Preconditioned Langevin dynamics

Take N particles following

dX; = —C,VV(X;)dt + 1/2C, dW,

C, is a preconditioning matrix
= mitigate anisotropy|2]

Why?

1
Y: = C, * X; follows a well-conditioned
Overdamped Langevin dynamics

[2] Goodman, Weare Commun. Appl. Math.
Comput. Sci. (2010)
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Consider the following particle system

n n d + 1 n n
AXP = ~Cpx) VV(XP) dt + == (X{ — M) +v/2C(px) AW, (EKS)

with C(p.,) the empirical covariance of the finite particle ensemble
and correction term for finite number of particles

Idea introduced in [3]




Consider the following particle system

n n d _I_ 1 n n
AXP = ~Cpx) VV(XP) dt + == (X{ — M) +v/2C(px) AW, (EKS)

with C(p.,) the empirical covariance of the finite particle ensemble
and correction term for finite number of particles
Idea introduced in [3]

* Affine invariant method, always well-conditioned

¢ Gradient-free approximation can be used

© Square root approximation of covariance for high-dimension

[3] Garbuno-Inigo, Niisken, Reich SIAM J. Appl. Dyn. Syst. (2020)



For up with gaussian tails, (EKS) is ergodic with a unique invariant measure u%’v.

The particles are interacting though C(px,) yet they are as if they were independent at
equilibrium as the invariant measure is a product measure

Open question:
What is the convergence rate?
Propagation of chaos has been established in [4] but only on finite time intervals

[4] Ding, Li SIAM J. Math. Anal. (2021)



For V(x) = 1xTx, consider (X")\_; following the (EKS) with initial condition Xy RS £o

Then there exits C > 0 such that for any p > 2,

w ' C
sup W, (Law(X"), Law(X;)) < ——
>0, ne{1,...,N} b (X{), Law(X+)) N

with X; following the mean-field limit of (EKS) with initial condition X ~ po.

In dimension 1, under the same assumptions, there exists C > 0 such that

Wa (pa, ") < Comire(

with e(N) — 0 as N — +o0.
—_— —m s -AMsH-r r (/M —m—m 0 m
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In dimension 1, under the same assumptions, there exists C > 0 such that

e (") < Cotir=00

with e(N) — 0 as N — +oc.

We will use a coupling between two system, (X)N_, and (Y;")N_; following (EKS) with

n=1
—_ . ji.d. j.id. .
initial condition Xy "~ po and Vo "X g respectively
Then

1
2

Ws (pxt,ug’v) <E

1 N
N - P
n=1




Consider the following coupling of two systems of particles following (EKS)

n n d+ 1 n n

AX{ = —Clpx )X dt + == (X = M) dt + \/2C(px,) AW
d+1

AYP = ~Cloy,) Y2 dt + = (Y0 = My,)dt + /2C(py,) AW,

Key idea: If the covariances matrices C(pyx,) and C(py,) are close, then the two systems
would be close too




Consider the following coupling of two systems of particles following (EKS)

d+1

AX{ = —Clpa)X{ dt + == (X! = M) dt + /2C(pa,) AW
d+1 YT
dYtn (pyt) Yn dt + L (Yn Myt) dt + 2C(pyt) thn

Key idea: If the covariances matrices C(p;{t) and C(py,) are close, then the two systems
would be close too

1
2p

d C 1 +1 n n|2p
—Ef < 280+ (P + FY Z|x A

jt CN ( ) with
P < —2FP 4+ =2 (Pt 4 P »
i v ) [H ]

This leads to a hierarchy of moments that is difficult to close



The hierarchy of moments leads to results with a remainders:

N
1 C
S Ixe - vep ]
n=1

—(2+e(N))t
<Ce +NP

E

for some p arbitrarily large but fixed.




The hierarchy of moments leads to results with a remainders:

1 N
S Ixe - vep
n=1

for some p arbitrarily large but fixed.

Go
NP

E < Co (M)t

Better idea: before doing sticky coupling, recenter the system:

1
Ut{, = C(p.)f't)—§ (th - MXt)
It is easy to do in d = 1.

In larger dimensions, we need the Gradient and Hessian of ©(A) = /A for A a positive
definite symetric matrix



